ABSOLUTE ノルム ノ タンチョウセイ ト ソノ オウヨウ ヒセンケイ カイセキガク ト トツカイセキガク ノ ケンキュウ by 斎藤, 吉助 et al.
TitleAbsoluteノルムの単調性とその応用 (非線形解析学と凸解析学の研究)
Author(s)斎藤, 吉助; 三谷, 健一; 小室, 直人
Citation数理解析研究所講究録 (2011), 1755: 90-96
Issue Date2011-08
URL http://hdl.handle.net/2433/171219
Right
Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Monotonicity of absolute norms and its
applications
( ) 1Absolute
( )
( )
( )
1
$\mathbb{C}^{2}$ $\mathbb{C}^{n}$ absolute norm
2000 - - [10] $\mathbb{C}^{2}$ absolute norm
von Neumann-Jordan [9] $\mathbb{C}^{n}$
absolute norm $\Delta_{n}(=\{(t_{1}, t_{2}, \cdots, t_{n-1})\in \mathbb{R}^{n-1} :t_{j}\geq 0(\forall j), \sum_{j=1}^{n-1}t_{j}\leq 1\})$
1 1
$\mathbb{C}^{n}$ (strict convexity) $\mathbb{C}^{n}$
(smoothness) [7]
absolute norm 2 $n$
$\psi$
$\psi$
[2,3,8,11]
$\mathbb{C}^{n}$ absolute norm
$\mathbb{C}^{2}$ 2002 [11] $\mathbb{C}^{2}$ absolute norm 2
$\psi$- absolute norm
$\mathbb{C}^{n}$ $\mathbb{C}^{2}$
12000 Mathematics Subject Classification. $46B20$ .
Keywoids. absolute normalized norm, monotonocity of norm, uniformly non-square
1755 2011 90-96 90
absolute norm $\mathbb{C}^{n}$ $\Vert\cdot\Vert$
absolute
$\Vert(x_{1}, x_{2}, \cdots,x_{n})\Vert=\Vert(|x_{1}|, |x_{2}|, \cdots, |x_{n}|)\Vert((x_{1},x_{2}, \cdots,x_{n})\in \mathbb{C}^{n})$
normalized
$\Vert(1,0, \cdots, 0)\Vert=\Vert(0,1,0, \cdots, 0)\Vert=\cdots=\Vert(0, \cdots, 0,1)\Vert=1$
$\ell_{p}\sqrt{}$ $\Vert\cdot\Vert_{p}$ :
$\Vert(x_{1}, \cdots,x_{n})\Vert_{p}=\{\begin{array}{ll}(|x_{1}|^{p}+\cdots+|x_{n}|^{p})^{1/p} if 1\leq p<\infty,\max\{|x_{1}|, \cdots, |x_{n}|\} if p=1.\end{array}$
$AN_{n}$ $\mathbb{C}^{n}$ absolute normalized nor.m 2000 - [9]
$\mathbb{C}^{n}$ absolute norm $\Delta_{n}$
$\Vert\cdot\Vert\in AN_{n}$
$\psi(s_{1}, \cdots,s_{n-1})=||(1-\sum_{i=1}^{n-1}s_{i},s_{1}, \cdots,s_{n-1})||((s_{1},\cdots,s_{n-1})\in\Delta_{n})$ (1)
$\psi$ $\Delta_{n}$ :
$\psi(0,0, \cdots, 0)=\psi(1,0,0, \cdots, 0)=\psi(0,1,0, \cdots, 0)$ $(A_{0})$
$=\ldots=\psi(0, \cdots, 0,1)=1$ ,
$\psi(s_{1}, \ldots, s_{n-1})\geq$ $(A_{1})$
$(s_{1}+ \cdots+s_{n-1})\psi(\frac{s_{1}}{s_{1}+\cdots+s_{n-1}},$
$\cdots,$ $\frac{s_{n.-1}}{s_{1}+\cdot\cdot+s_{n-1}})$ ,
if $s_{1}+\cdots+s_{n-1}\neq 0$ ,
$\psi(s_{1}, \cdots, s_{n-1})\geq(1-s_{1})\psi(0,$ $\frac{s_{2}}{1-s_{1}},$ $\cdots,$ $\frac{s_{n-1}}{1-s_{1}})$ , if $s_{1}\neq 1$ , $(A_{2})$
:. :.
$\psi(s_{1}, \cdots, s_{n-1})\geq(1-s_{n-1})\psi(\frac{s_{1}}{1-s_{n-1}},$ $\cdots,$ $\frac{s_{n-2}}{1-s_{n-1}},0)$ if $s_{n-1}\neq 1$ . $(A_{n})$
$\Psi_{n}$ $\Delta_{n}$ $(A_{0}),$ $(A_{1}),$
$\cdots,$ $(A_{n})$
$\psi\in\Psi_{n}$
$\Vert(x_{1}, x_{2}, \cdots,x_{n})\Vert_{\psi}$
$=\{\begin{array}{ll}(|x_{1}|+\cdots+|x_{n}|)\psi(\frac{|x_{2}|}{|x1|+\cdots+|x_{n}|}, \cdots, \frac{|x_{n}|}{|x_{1}|+\cdots+|x_{n}|}) if (x_{1}, \cdots, x_{n})\neq(0, \cdots, 0),0 if (x_{1}, \cdots, x_{n})=(0, \cdots, 0).\end{array}$
$\Vert\cdot\Vert_{\psi}\in AN_{n}$ (1) $AN_{n}$ $\Psi_{n}$ (1)
1 1
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2 Absolute norm
$\mathbb{C}^{2}$ absolute norm $\Vert\cdot\Vert\in AN_{2}$
:
$|z|\leq|u|,$ $|w|\leq|v|\Rightarrow\Vert(z,w)\Vert\leq\Vert(u,v)\Vert$ .
$0\leq z\leq u$ $w\geq 0$ $z=(1-\lambda)(-u)+\lambda u(0\leq$
$\lambda\leq 1)$
$\Vert(z,w)\Vert\leq(1-\lambda)\Vert(-u,w)\Vert+\lambda\Vert(u, w)\Vert$ .
$|$ absolute $\Vert(z,w)\Vert\leq\Vert(u,w)\Vert$ .
$|z|<|u|,$ $|w|<|v|\Rightarrow\Vert(z,w)\Vert<\Vert(u,v)\Vert$ .
$|z|<\lambda|u|,$ $|w|<\lambda|v|$ $\lambda(0<\lambda<1)$
[11] $\psi\in\Psi_{2}$
:
$|z|\leq|u|,$ $|w|\leq|v|$ $|z|<|u|$ $|w|<|v|$
$\Vert(z,w)\Vert_{\psi}<\Vert(u,v)\Vert_{\psi}$ . (2)
(2) $\psi=\psi_{p}(1\leq p<\infty)$ $\psi=\psi_{\infty}$
[11] (2) $\psi$
1([11]) $\psi\in\Psi_{2}$ :
(i) $0<t<1$ $t$ $\psi(t)>t$ .
(ii) $\psi$ (t)/ $\sim$ $(0,1]$
(iii) $|z|<|u|,$ $|w|\leq|v|$ $\Vert(z,w)\Vert_{\psi}<\Vert(u,v)\Vert_{\psi}$ .
2([11]) $\psi\in\Psi_{2}$ :
(i) $0<t<1$ $t$ $\psi(t)>1-t$ .
(ii) $\psi(t)/(1-t)$ $[0,1)$
(iii) $|z|\leq|u|,$ $|w|<|v|$ $\Vert(z,w)\Vert_{\psi}<\Vert(u,v)\Vert_{\psi}$ .
3([11]) $\psi\in\Psi_{2}$ :
(i) $0<t<1$ $t$ $\psi(t)>\psi_{\infty}(t)$ .
$(\ddot{u})|z|\leq|u|,$ $|w|<|v|$ $|z|<|u|,$ $|w|\leq|v|$ $\Vert(z,w)\Vert_{\psi}<\Vert(u,v)\Vert_{\psi}$ .
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4 ([6]) $\psi\in\Psi_{2}$ $1/2\leq t_{0}\leq 1$ :
(i) $0<t<to$ $t$ $\psi(t)>t$ . $t_{0}\leq t\leq 1$ $t$
$\psi(t)=t$ .
(ii) $\psi(t)/t$ ($0$ ,to) $t_{0}\leq t\leq 1$ $t$ $\psi(t)/t=1$ .
(iii) $|z|<|u|$ $\frac{|w|}{|u|+|w|}<t0$
$\Vert(z,w)\Vert_{\psi}<\Vert(u, w)\Vert_{\psi}$ .
$\frac{|w|}{|u|+|w|}\geq t0$
$\Vert(z,w)\Vert_{\psi}=\Vert(u,w)\Vert_{\psi}$ .
5 ([6]) $\psi\in\Psi_{2}$ $0\leq t_{0}\leq 1/2$ :
(i) $t_{0}<t<1$ $t$ $\psi(t)>1-t$ . $0\leq t\leq t_{0}$ $t$
$\psi(t)=1-t$ .
(ii) $\psi(t)/(1-t)$ $(t_{0},1)$ $0\leq t\leq t_{0}$ $t$
$\psi(t)/(1-t)=1$ .
(iii) $|w|<|u|$ $\frac{|v|}{|z|+|v|}>t0$
$\Vert(z,w)\Vert_{\psi}<\Vert(z,v)\Vert_{\psi}$ .
$\frac{|v|}{|z|+|v|}\leq t0$
$\Vert(z,w)\Vert_{\psi}=\Vert(z,v)\Vert_{\psi}$ .
$\mathbb{C}^{n}$
6 $\psi\in\Psi_{n}$ $s_{1}+\cdots+s_{n-1}=1$ $(s_{1},\cdots,s_{n-1})\in\Delta_{n}$
:
(i) $0\leq\lambda_{0}<1$ $\lambda_{0}$
$0\leq\lambda<\lambda_{0}\Rightarrow\psi(\lambda s_{1}, \cdots, \lambda s_{n-1})>\lambda\psi(s_{1}, \cdots, s_{n-1})$ ,
$\lambda 0\leq\lambda\leq 1\Rightarrow\psi(\lambda s_{1)}\cdots, \lambda s_{n-1})=\lambda\psi(s_{1}, \cdots, s_{n-1})$ .
(ii) $0\leq\lambda_{0}<1$ $\lambda 0$
$f( \lambda);=\frac{\psi(\lambda s_{1}\cdots\lambda s_{n-1})}{\lambda}$
$(0, \lambda_{0}]$ $(\lambda_{0)}1]$ $f(\lambda)=\psi(s_{1}, \cdots,s_{n-1})$ .
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(iii) $0\leq\lambda_{0}<1$ $\lambda_{0}$
$0\leq p_{1}<a_{1},$ $\frac{p_{2}+\cdots.+.p_{n}}{a_{1}+p_{2}+\cdot+p_{n}}<\lambda_{0}\Rightarrow\Vert(p_{1},p_{2}, \cdots p_{n})\Vert\psi<\Vert(a_{1},p_{2}, \cdots p_{n})\Vert\psi$,
$0\leq p_{1}<a_{1},$ $\frac{p_{2}+\cdots.+.p_{n}}{a_{1}+p_{2}+\cdot+p_{n}}\geq\lambda_{0}\Rightarrow\Vert(p_{1},p_{2}, \cdots,p_{n})\Vert_{\psi}=||(a_{1},p_{2}, \cdots,p_{n})\Vert_{\psi}$ .
7 $\psi\in\Psi_{n}$ $i\in\{1,2, \cdots, n-1\}$ , $(s_{1}, \cdots, si- l, 0, s_{i+1}, \cdots, s_{n-1})\in\Delta_{n}$
:
(i) $0\leq\lambda_{0}<1$ $\lambda_{0}$
$0\leq\lambda<\lambda_{0}$
$\Rightarrow\psi(\lambda s_{1}, \cdots, \lambda s_{i-1},1-\lambda, \lambda s_{i+1}, \cdots, \lambda s_{n-1})>\lambda\psi(s_{1}, \cdots, s_{i-1},0, s_{i+1}, \cdots s_{n-1})$ ,
$\lambda_{0}\leq\lambda\leq 1$
$\Rightarrow\psi(\lambda s_{1}, \cdots, \lambda s_{i-1},1-\lambda, \lambda s_{i+1}, \cdots, \lambda s_{n-1})=\lambda\psi(s_{1}, \cdots, s_{i-1},0, s_{i+1}, \cdots, s_{n-1})$ .
(ii) $0\leq\lambda_{0}<1$ $\lambda_{0}$
$f( \lambda):=\frac{\psi(\lambda s_{1},\cdots,\lambda s_{1-1},1-\lambda,\lambda s_{j+1},\cdots,\lambda s_{n-1})}{\lambda}$
$(0, \lambda_{0}]$ $(\lambda_{0},1]$
$f(\lambda)=\psi(s_{1}, \cdots, s_{i-1},0, s_{i+1}, \cdots, s_{n-1})$ .
(iii) $0\leq\lambda_{0}<1$ $\lambda_{0}$
$0 \leq p_{i}<a_{i},\frac{p_{1}+.\cdots+p_{i-1}+p_{i+1}+\cdots.+p_{n}}{p_{1}+\cdot\cdot+p_{i-1}+a_{*}\cdot+p_{i+1}+\cdot\cdot+p_{n}}\leq\lambda_{0}$
$\Rightarrow\Vert(p_{1}, \cdots,p_{i-l},p_{i},p_{i+1}, \cdots,p_{n})\Vert_{\psi}<\Vert(a_{t},$ ,
$0 \leq p_{i}<a_{i},\frac{p_{1}+.\cdots+p_{1-1}+p_{1+1}+\cdots.+.p_{n}}{p_{1}+\cdot\cdot+p_{i-1}+a_{i}+p_{1+1}+\cdot+p_{n}}>\lambda_{0}$
$\Rightarrow\Vert(p_{1}, \cdots p_{i-l},p_{i},p_{i+1}, \cdots p_{n})\Vert_{\psi}=\Vert(p_{1}, \cdots p_{i-1}, a_{i}, p_{i+1}, \cdots p_{n})\Vert\psi$.
3 Absolute norm
$X$ $S_{X}=\{x\in X:\Vert x\Vert=1\}$
$\rho_{X}(t)=\sup\{\frac{\Vert x+ty\Vert+\Vert x-ty\Vert}{2}-1:x,y\in S_{X}\}$
94
$X$ modulus of smoothness Yang-Wang[12] $X$
$\gamma_{X}$ :
$\gamma_{X}(t)=\sup\{\frac{\Vert x+ty\Vert^{2}+\Vert x-ty\Vert^{2}}{2}:x, y\in S_{X}\}$ .
$\gamma_{X}.$ .
$X,$ $Y$ $\psi\in\Psi_{2}$ $X,$ $Y$
$X,$ $Y$ $\psiarrow$ $X\oplus_{\psi}Y$ :
$\Vert(x,y)\Vert_{\psi}=\Vert(\Vert x\Vert, \Vert y\Vert)\Vert_{\psi}$ $(x\in X, y\in Y)$ .
$X$ $\psi\in\Psi_{2}$ [0,1] $\gamma x,\psi$
:
$\gamma_{X,\psi}(t)=\sup\{\Vert(x+ty, x-ty)\Vert_{\psi}:x,$ $y\in S_{X}\}$ .
$\gamma_{X,\psi_{1}}(t)=2(\rho_{X}(t)+1)$ .
$\psi_{1}$ $l_{1^{-}}$
$\gamma_{X,\psi_{2}}(t)=\sqrt{2\gamma_{X}(t)}$. $\cdot$
$\psi_{2}$ $\ell_{2^{-}}$
8 $X$ non-square $\delta>0$ 1 $(x-$
$y)/2\Vert\geq 1-\delta$ $x,$ $y\in s_{x}$ $\Vert(x+y)/2\Vert<1-\delta$
4 5
9([6]) $X$ $\psi\in\Psi_{2}$ $\psi\neq\psi_{\infty}$
:
(i) $X$ non-square.
(ii) $0<t\leq 1$ $\gamma x,\psi(t)<2(1+t)\psi(\frac{1}{2})$ .
(iii) $0<t_{0}\leq 1$ $\gamma x,\psi(t_{0})<2(1+t_{0})\psi(\frac{1}{2})$ .
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